The paper presents complex variable integral formulae and singular boundary integral equations for doubly periodic cracks in anisotropic elastic medium. It utilizes the numerical solution procedure, which accounts for the contact of crack faces and produce accurate results for SIF evaluation. It is shown that the account of contact effects significantly influence the SIF of doubly periodic curvilinear cracks both for isotropic and anisotropic materials.
INTRODUCTION
The doubly periodic problems are widely considered in scientific literature, since they are crucial for understanding of the effect of cracks interaction on stress state of defective solids (see Sawruk, 1981) . Wang (2004) presented extremely accurate and efficient method for computing the interaction of a set or multiple sets of general doubly periodic cracks in elastic medium. Xiao and Jiang (2009) studied the orthotropic medium with doubly periodic cracks of unequal size under antiplane shear. Chen et al. (2003) have studied various multiple crack problems in elasticity. Xiao et al. (2011) obtained the closed-form solution for stress and electric displacement intensity factors and effective properties of piezoelectric materials with a doubly periodic set of conducting rigid line inclusions. Malits (2010) studied the doubly periodic arrays of rigid line inclusions in an elastic solid. Pasternak (2012) presented the general Somigliana integral identities and boundary integral equations for doubly periodic cracks in anisotropic magnetoelectroelastic medium.
However, equations of Pasternak (2012) contain both singular and hypersingular integrals, therefore, this paper is focused on the development of singular integral equation for doubly periodic cracks in anisotropic medium. Also the contact of crack faces is accounted for, thus, the paper presents new general approach that can be used both in theoretical and applied analysis, in particular, in rock mechanics.
OBTAINING OF SINGULAR INTEGRAL EQUATIONS BASED ON THE LEKHNITSKII FORMALISM
Consider a doubly periodic problem of elasticity for an infinite anisotropic plate, which representative volume element contains a set of cracks ( = 1, … , . Assume that crack faces are symmetrically loaded with tractions ( , ) and average stress 〈 〉, 〈 〉, 〈 〉 act in the medium.
Governing equations for anisotropic plates
Consider an arbitrary curve Γ that lays in the 2D domain occupied by the plate, and assume its positive path. One can introduce the traction vector ⃗ Γ in the tangential element of the curve Γ, which normal vector is placed at the right to the chosen positive path of the curve. The projections ( Γ , Γ ) of the traction vector ⃗ Γ and displacement ( , ) derivatives by the arc coordinate at the curve Γ can be evaluated based on the Lekhnitskii complex functions as (Bozhydarnyk, 1998; Grigolyuk & Filshtinskiy, 1994) :
where:
is a differential of arc Γ; are the complex roots (with positive imaginary part) of Lekhitskii characteristic equation (Bozhydarnyk, 1998; Grigolyuk & Filshtinskiy, 1994 
Conditions for the complex functions at the boundary contours
Assume that the projections ( Γ , Γ ) of traction vector and the moment about the origin of all forces applied to the contour are known. Then one can obtain the following conditions:
where are the curves in the coordinate systems ( , ), which are the mappings of the curve with the affine transformations = + Re( ) , = Im( ) .
Integral equations for displacement discontinuities in an infinite cracked plate
The complex variable integral equations for cracked anisotropic plates, in general, are written for the discontinuities of complex functions at cracks, which do not have direct physical meaning. At the same time, complex variable integral equations for isotropic plates are written for the displacement discontinuities, which significantly simplify the study and solution of fracture mechanics problems. In particular, these equations allow considering the problems for cracks with contacting faces. Therefore, this section develops this approach for cracked anisotropic plates.
Assume that the tractions applied to the crack faces are symmetric with respect to a crack. Denoting the displacement discontinuities [ ], [ ] with 1 , 2 , respectively, based on Eq. (2) one obtains the formulae for discontinuities of complex potentials at the crack:
Then the following integral formulae can be obtained for an anisotropic plate containing a set of cracks (Bozhydarnyk, 1998; Maksymovych, 2009 ):
where
It should be mentioned that for internal cracks the following crack tip displacement continuity conditions hold:
Now consider the doubly periodic lattice defined by the periods 1 and 2 . The first period is assumed to be real-valued, and the second one is complex-valued. Then the periods in the mathematical planes are denoted as ( ) ( = 1,2), moreover 1 ( ) = 2 and 2 ( ) = + , where + = 2 and > 0. According to Grigolyuk & Filshtinskiy (1994) , Sawruk (1981) , the integral formulae (4) for the doubly periodic problems can be replaced with:
is a Weierstrass zeta function for the periods 1 ( ) and 2; and , are unknown constants to be determined.
Using the conditions (5) and the property ( + n ( ) ) = ( ) + n ( ) it is easy to show that the complex potentials (6) are periodic (thus, the stresses and strains calculated based on these potentials are periodic too). Here n ( ) = 2 ( n ( ) /2). At the same time, the potentials (6) (and the same as (4)) are dependent on the displacement discontinuities 1 + 2 at the curve . Therefore, (6) presents the solution of doubly periodic problem for cracked domain. For determination of the constants and B one should first determine the traction vector acting at the lines parallel to the main periods (Grigolyuk & Filshtinskiy, 1994) . The projections of the resultant vector of tractions acting at the arbitrary curve can be determined with the following equation:
First assume that is a line parallel to the axis. Then accounting for (6), one obtains that:
According to Sawruk (1981) :
therefore:
The same concerns the function ( 2 ):
Thus, the following relations are obtained for the bottom edge of the representative volume element: 
The right hand sides of Eqs. (7) and (8) are known and equal:
where α is an angle between the second period 2 and the axis. Eqs. (7) and (8) shows that this condition is satisfied identically. Thus, for determination of the unknown constants we have only three equations (Eq. (7) and the second equation in (8)). The solution of this system is sought in the following form: Solving the latter one can obtain the expressions for the unknown constants up to the values which do not influence the stress field:
For convenience one can present the Weierstrass zeta function in the form (Sulym, 2007) : These relations allow to rewrite (6) as:
The kernels of integral formulae (9) are written in the form of sums of the kernels for singly periodic problems and contain additional terms, which has a multiplier . It should be mentioned, that in the literature one can found the attempts to derive the analogous formulae with direct summation. However, now it is obvious that these approaches are incorrect. The reader is referred to Pasternak (2012), where for the first time the mathematically strict and correct approach of direct summation for anisotropic magnetoelectroelastic material with doubly periodic sets of defect was presented.
NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS FOR PARTICULAR PROBLEMS
Integral formulae (9) have the same structure as those obtained for other problems of elasticity for cracked anisotropic plates obtained by Bozhydarnyk (1998) and Maksymovych (2009) . Therefore, numerical determination of the displacement discontinuities incorporated in these formulae can be determined within the algorithm proposed by Maksymovych (2009) . For evaluation of the kernels of the integral equations it is convenient to use the following relation: ) and | | < 1.
This series converges fast. In particular, for isotropic material with a square lattice it is enough to leave only two terms in the sum.
Verification of the approach
For verification of the proposed approach consider a doubly periodic set of line cracks of length 2 inclined at 30° to the axis. The centers of the cracks form the equilateral triangular lattice. The only nonzero average stress is 〈 〉 = . The material of the plate is highly anisotropic fiberglass CF1, whose properties are given by Maksymovych (2009) . Table 1 
Doubly periodic curved cracks with contacting faces
Consider a doubly periodic curved cracks, whose shape is defined by the parabola equation = ( The calculations held show that the contact of crack faces occurs near the right tip of the crack approximately at a one third of its length. The table also shows significant influence of the account for the crack faces contact on the calculated values of SIF. Following table also shows the results of the problem with the same geometry, however, the material of the medium is anisotropic fiberglass CF1 (CF190 corresponds to the same material with the principal anisotropy axes rotated at a right angle).
For all considered particular problems the crack faces contact occurs near the right tip, excepting material CF190 and 1 = 2.5, where the faces contact at the right of the crack center. Tab. 3 shows that for the contact of crack faces the SIF IB for an anisotropic material (in contrast with the isotropic one) differs from zero, moreover, for the CF190 material SIF is significantly big. To testify this phenomenon, consider the crack tip normal displacement discontinuities. According to Bozhydarnyk (1998) (11) For the CF190 material = 2, and thus, 12 / 11 = 1.0751. One can see that the ration of SIFs presented in the last column of Tab. 3 is in good agreement with this estimation, thus, the crack faces contact condition (11) holds with high accuracy.
CONCLUSION
The paper derives compact and easy to use singular integral equations for doubly periodic cracks in an anisotropic medium. The study of the influence of anisotropy and contact of crack faces showed its significance in the calculated values of stress intensity factors. Also it is proved the mode I SIF can be nonzero for an anisotropic material with crack, which faces are in contact.
